We study spherical black-hole solutions in Einstein-aether theory, a Lorentz-violating gravitational theory consisting of General Relativity with a dynamical unit timelike vector (the "aether") that defines a preferred timelike direction. These are also solutions to the infrared limit of Hořava-Lifshitz gravity. We explore parameter values of the two theories where all presently known experimental constraints are satisfied, and find that spherical black-hole solutions of the type expected to form by gravitational collapse exist for all those parameters. Outside the metric horizon, the deviations away from the Schwarzschild metric are typically no more than a few percent for most of the explored parameter regions, which makes them difficult to observe with electromagnetic probes, but in principle within reach of future gravitational-wave detectors. Remarkably, we find that the solutions possess a universal horizon, not far inside the metric horizon, that traps waves of any speed relative to the aether. A notion of black hole thus persists in these theories, even in the presence of arbitrarily high propagation speeds.
I. INTRODUCTION
Lorentz invariance is believed to be a fundamental symmetry of physical theories. Indeed, there are severe observational constraints on Lorentz-violating effects in the matter sector [1, 2] . On the other hand, in the much more weakly coupled gravitational sector such constraints are generically far weaker. Therefore, it is interesting to test Lorentz symmetry further in gravitational phenomena.
To do that in a well-defined way one must consider some candidate Lorentz-violating (LV) gravitational theory as a low energy effective theory. To violate Lorentz symmetry and still be manifestly diffeomorphism invariant, such a theory should include, apart from the metric, some dynamical field that can define a preferred frame at the level of the solution. A unit timelike vector field is an example which breaks local boost but not local rotation symmetries. The most general theory one can construct by coupling this field to general relativity (GR) at second order in derivatives is called Einstein-aether theory (ae-theory) [3] [4] [5] . The vector field is referred to as the aether.
Apart from providing a test bed for constraining Lorentz violations in the gravitational sector, ae-theory is an interesting theoretical laboratory to explore preferred frame effects without having to give up diffeomorphism invariance. Seen as a low energy effective field theory [6] , it can be thought of as encapsulating LV effects that might arise in a more fundamental quantum gravity theory. Its viability as a low energy effective theory of gravity has be extensively tested against various different observations, and up to date there seems to be a significant portion of the parameter space for which the predictions agree with all current experimental evidence (see Ref. [5] for a review).
Recently, another proposal for a LV gravity theory has received a lot of attention, Hořava-Lifshitz (HL) gravity [7] . This is not supposed to be just an effective field theory. There is hope that it can constitute instead an actual UV completion of general relativity, as it appears to be power-counting renormalizable. This is achieved by adding higher order spatial derivatives, without adding higher order time derivatives, which lead to a suitable modification of the propagator. In HL gravity this involves the existence of a preferred spacelike foliation of spacetime, which is described by a scalar field.
The dynamics of this scalar (or the lack thereof) can lead to various problems in restricted versions of the theory such as instabilities, over-constrained evolution, and strong coupling at low energies [8, 9] . However, as pointed in Ref. [10] , the dynamical behavior of the scalar is drastically improved when one consistently includes in the action all the possible operators that are allowed by the symmetry of the theory. There is only one of these operators at low energies, and its presence suffices to ensure dynamical consistency and to push strong coupling to sufficiently high energies, so that the theory makes sense as an effective theory. Strong coupling at high energies, which would still be a threat for UV completeness, persists in general [11, 12] , but it appears to be avoided by assigning a specific hierarchy to the scales suppressing the lower and higher order operators [13] . There are many things to be worked out before HL gravity can be considered a viable UV complete gravity theory, such as renormalizability beyond power-counting, renormalization group flow of the various running couplings (so far infrared (IR) viability hinges on the hope that several parameters will run or can be tuned to desired values), various phenomenological aspects and constraints, etc. However, to date it certainly constitutes an interesting candidate.
Given that ae-theory is a quite generic effective theory of LV gravity with a single preferred local timelike direction, it is reasonable to expect that the low energy limit of HL gravity will bear some resemblance to it. Indeed, it was remarked in Ref. [13] (see also Ref. [14] ) and then fully demonstrated in Ref. [15] that, in the limit where higher than second order operators can be neglected, HL gravity is equivalent to ae-theory with the extra condition that the aether is hypersurface orthogonal at the level of the action. Therefore, the IR limit of HL gravity can be understood as a limiting version of a well studied theory (some, though not all results carry over), which also gives hope that HL can be viable from the IR perspective. On the other hand, ae-theory, or at least some version of it, acquires some more robust theoretical motivation as a low energy limit of a potentially UV complete gravity theory.
One of the results that carry over between the two theories is spherically symmetric solutions. This is because all spherically symmetric aether fields are hypersurface orthogonal and, hence, all spherically symmetric solutions of ae-theory will also be solutions of the IR limit of HL gravity [15] . The converse holds for solutions with a regular center [16] , but without this condition there may be additional HL solutions. Here we do not address that possibility, and instead focus entirely on black hole solutions to ae-theory. Such solutions are interesting mathematically as black holes "dressed" by the aether. They can also be used in comparing these theories with observations of astrophysical black holes (though only as a first step since our solutions are non-rotating).
Motivated by this last point, our intention is to find, for each set of coupling parameters that meet current observational constraints, the unique static, spherically symmetric, vacuum, asymptotically flat black hole solution of ae-theory that forms from collapse. Since different modes travel with different speeds in both ae-theory and HL gravity, the definition of a "black hole" in these theories is potentially ambiguous. At the outset, our working definition will be that a black hole possesses both a metric horizon and a spin-0 mode horizon. We find, however, that in all of the several cases we have checked these solutions actually possess a "universal horizon," not far inside the metric horizon, that traps modes of any speed.
We determine the black hole solutions numerically (using Mathematica), because obtaining analytic solutions of the equations does not appear to be feasible. As will be explained below, the restriction to black holes that form from collapse amounts to the requirement that the horizon for the superluminal spin-0 mode, which lies inside the metric horizon, is nonsingular. Our analysis generalizes the results of Ref. [17] which focused on a restricted, non-viable, choice of coupling parameters in the action, and the results of Ref. [18] , which considered observationally viable coupling parameters, but did not impose regularity of the spin-0 horizon. Though other work has been done on black hole solutions in HL gravity, it was not in the same version of the theory considered here, but in versions which either impose projectability (the lapse function is forced to be space-independent), e.g. Ref. [19] , or consider only a reduced set of terms in the action, e.g. Refs. [20] [21] [22] .
1 In contrast, as explained above, we include the complete set of terms in the IR limit. This changes the nature of the black hole solutions.
The rest of the paper is organized as follows. In section II we briefly review ae-theory and HL gravity, as well as their relation. In section III we discuss the characteristics of generic spherically symmetric, asymptotically flat, black hole solutions and explain how the problem of generating numerical solutions can be set up. In section IV we summarize the various constraints we will take into account in order to restrict the parameter space in both ae-theory and HL-gravity. We present and discuss numerical results in section V. Section VI contains our conclusions.
In this paper, we denote spacetime indices by Greek letters, and spatial indices by Latin letters. We also adopt the spacetime signature (+−−−) and set c = 1.
II. AE-THEORY AND HL GRAVITY: BRIEF OVERVIEW
The most general action for ae-theory, up to total derivative terms and setting aside matter couplings, is
where R is the 4D Ricci scalar of the metric g ab , g is the determinant of the metric and
with M αβ µν defined as
The c i are dimensionless coupling constants, and it is assumed that u µ is constrained to be a unit timelike vector, g µν u µ u ν = 1. This constraint can be explicitly imposed with a Lagrange multiplier term λ(g µν u µ u ν − 1) in the action. Note that since the covariant derivative ∇ α u µ involves derivatives of the metric through the connection components, and since the unit vector is nowhere vanishing, the terms quadratic in ∇u also modify the kinetic terms for the metric. One consequence of this is that the constant G ae is related to Newton's constant, as defined in the Newtonian limit, by [25] 
Varying the action (1) with respect to the metric yields
where G αβ = R αβ − Rg αβ /2 is the usual Einstein tensor. T ae αβ denotes the aether stress-energy tensor
where
andu ν = u µ ∇ µ u ν . Variation with respect to u µ yields
The Lagrange multiplier λ has been eliminated from these equations by solving for it using the aether field equation. Suppose now we want to impose the restriction that the aether be hypersurface orthogonal. Locally, this amounts to saying that there exists a function T for which
where we have taken into account the unit constraint on the aether. If this form for the aether is substituted into the action (1), then one obtains a new theory, with fewer degrees of freedom, which is in fact identical to the IR limit of HL gravity. It appears from (2) and (9) that the resulting action would lead to equations of motion with fourth-order derivatives, and non-polynomial dependence on the derivatives. However, we can choose T itself to be the time coordinate t, in which case we have
where N = (g T T ) −1/2 is the lapse function. Moreover, the equation of motion that would come from variation of T is identically satisfied when the metric and matter equations of motion are imposed, hence this gauge choice can be made before varying T (see Ref. [15] for more details).
This hypersurface-orthogonal ae-theory action then takes the form
with
where K ij is the extrinsic curvature of each constant T surface, h ij is the induced spatial metric, (3) R its Ricci curvature, and
is the spatial projection of the acceleration of the normal congruence, i.e. the acceleration of the aether flow. The correspondence of the various parameters is
where we use the notation c ij = c i + c j .
Note that the coupling constants c 1 , c 3 and c 4 enter only through the combinations c 13 and c 14 . This can be traced to a redundancy in the terms of the action when the aether is hypersurface orthogonal. This is relevant both for HL gravity, and for ae-theory in spherical symmetry, since any spherically symmetric vector field is hypersurface orthogonal. The twist ω α = αβγδ u β ∇ γ u δ vanishes for any such vector field. For a unit vector field, the square of the twist is given by
As far as solutions with zero twist are concerned, any multiple of ω α ω α can be added to the action (1) without changing the solutions. For example, adding c 1 ω α ω α results in new couplings c 1 = 0, c 3 = c 13 , and c 4 = c 14 . This shows that the hypersurface orthogonal solutions depend only on c 2 , c 13 , and c 14 . Alternatively, one can subtract c 4 ω α ω α from the action, eliminating the c 4 term. We will do this in the calculations that follow.
Having fixed the T coordinate up to a global reparametrization (under which u α (9) is invariant), the symmetry of the theory is reduced to that of "foliation preserving diffeomorphisms," i.e. space-independent time reparametrization together with time-dependent spatial diffeomorphisms,
Under these transformations N dT = N dT , and a i = a i . The action (11) is the most general one that is invariant under these symmetries and involves no more than two derivatives of N and g ij . As already mentioned, the above theory is the IR limit of HL gravity. The full HL action is of the form
2 A rescaling of the spatial metric can be used to set ξ = 1 in the absence of matter, as sometimes done in the literature. This is no longer possible once matter is present.
where M is a new mass scale, and L 4 and L 6 include all the foliation preserving diffeomorphism invariant scalar functions of a i and h ij of 4th and 6th order in the spatial derivatives, respectively. The presence of 6th order operators is crucial for power counting renormalizability [7] . On the other hand, in the absence of extra symmetries, radiative corrections will generate all possible terms up to this order [9, 10] . In particular, the term a i a i in L 2 is crucial for the improved dynamical behavior of the theory [10] .
It has been argued that if the mass M lies somewhere between roughly 10 10 GeV and 10 16 GeV the theory can both avoid strong coupling, and satisfy gravitational constraints and generic LV constraints in the matter sector [16] (the need to alleviate strong coupling imposes the upper bound [11, 13] which is competing with the lower bounds coming from LV violations, as first pointed out in Ref. [11] ). Thus, at low energy one expects to be able to neglect the higher order operators in L 4 and L 6 , so in this sense the action (11) is the low energy limit of the action (17) . We can thus say that the low energy or IR limit of HL gravity is equivalent to ae-theory with a hypersurface orthogonal aether.
It is worth mentioning that, since L 4 and L 6 contain higher spatial derivatives of the fields, a theory described by action (17) can have solutions that are perturbatively far from solutions of the theory described by action (11) and which diverge as M goes to infinity, if the derivatives of the fields are large enough. That is, theory (17) can have more solutions than theory (11) when contributions coming from L 4 and L 6 are important. In this section we briefly review the field and coupling constant redefinitions that we perform in order to simplify our calculations. Such redefinitions closely follow those used in Ref. [17] , to which we refer for a more detailed discussion.
AE-theory possesses spin-2, spin-1 and spin-0 propagating degrees of freedom, whereas HL gravity has only spin-2 and spin-0 modes. However, once spherical symmetry has been imposed, only the spin-0 mode is relevant. The squared speed (at low energies for HL gravity) of this mode, defined relative to the aether rest frame, is [26] 
Since different modes propagate at different speeds there will be multiple (causal) horizons. In fact for each of these modes the corresponding horizon will be a null surface of the effective metric
where s i is the speed of the spin-i mode. See Ref. [17] for a more detailed discussion. The action (1) is invariant under the combined metric and aether field redefinition
provided that the c i are replaced by new parametersc i which are functions of the initial c i (see Ref. [27] for the exact correspondence). By choosing σ = s 2 0 we can make the spin-0 horizon coincide with the metric horizon of the redefined metric. This will help to simplify the calculations.
As explained in the previous section, when spherical symmetry is imposed the aether is hypersurface orthogonal, and so it has vanishing twist. Thus by making use of Eq. (15) it is possible to set c 4 to zero without loss of generality. It is worth stressing that this procedure has to come after the field redefinition described previously to make the spin-0 horizon coincide with the metric horizon. If the order were to be reversed, the field redefinition would regenerate a c 4 term.
B. Asymptotics, regularity and parameters of solutions
We find it convenient to work in EddingtonFinkelstein-like coordinates with the line element
as these coordinates are regular at both the metric and the spin-0 horizon, as well as in the interior region of the black hole. We stress that from Eq. (22) it follows that the radial coordinate has a geometric meaning, namely 4πr 2 is the area of a symmetry sphere. The aether field can be written in the form
where we have imposed the unit constraint. For static, spherically symmetric solutions these ansätze for the metric and the aether can be adopted without loss of generality. Surfaces of constant v are null, and if we think of v as increasing in the future direction at fixed r, it is an ingoing null coordinate. The timelike vector u is then future pointing provided A > 0. The Lagrangian (2) is even in u, hence in any solution we can also replace u by −u, which amounts to replacing A by −A. Thus, a black hole with aether flowing in can also be viewed as a white hole with aether flowing out. In GR, according to Birkhoff's theorem, there is a one parameter family of spherically symmetric solutions, namely the Schwarzschild solutions, labeled by the mass. These solutions are asymptotically flat, and static. In ae-theory there is a scalar mode, corresponding to radial tilting of the aether, so that Birkhoff's theorem does not apply. Not only are spherical solutions not generally static, but even if we restrict to static, spherical solutions, they are not necessarily asymptotically flat. In fact, as shown in Ref. [17] , there is a three parameter family of such solutions, and imposing asymptotic flatness reduces this to a two parameter family. That is, for each mass, there is a one parameter family. As explained below, we will fix this parameter by the condition that the spin-0 horizon, i.e. the outermost trapped surface for spin-0 waves, be nonsingular.
A series expansion for the static, spherically symmetric, asymptotically flat solutions was previously found for the case c 3 = −c 1 [17] , and we have found that this series remains valid with no restriction on c 3 . The result, given in terms of the inverse radial coordinate x = 1/r, is
, and where v is scaled to set F (x = 0) = 1. No more free parameters seem to appear at higher orders, so the asymptotically flat solutions are determined by the two free parameters F 1 and A 2 . The parameters c 2 and c 3 enter at higher orders in 1/r. Their absence at lower orders is presumably related to the fact that they do not appear at all in solutions whose aether is everywhere aligned with the timelike Killing vector [24] . We will restrict attention in this paper to the values of the coupling coefficients c i in the action for which presently known observational bounds are all met. Even though section IV is devoted to a discussion about these bounds and the restrictions they will bring to the parameter space, we anticipate here the discussion of a particular constraint: the vacuumČerenkov constraint [28] , which amounts to the requirement that the speed of the spin-0 mode be greater than or equal to the speed of light (c = 1) defined by the metric cone. This means that the spin-0 horizon lies inside the metric horizon. If matter is minimally coupled to the metric then the matter cannot propagate beyond the metric cone, and the spin-0 horizon is hidden from view, except by gravitational and aether signals. Nevertheless, we shall require that the spin-0 horizon be regular, simply because the evidence we have indicates that when a black hole forms in a collapse process, the spin-0 horizon is in fact nonsingular. This evidence amounts to the argument that nothing singular is happening in the fields at that point, bolstered by numerical simulations for a few examples [29] , although a general proof has not been given. If instead collapse does not automatically impose this condition, a black hole would have "hair" determined by the parameter A 2 in Eq. (26) .
Having imposed asymptotic flatness, and a regular spin-0 horizon, there remains a one parameter family of solutions, i.e. one solution for each value of the total mass. Equivalently, the solutions can be parametrized by the horizon radius. If we adopt units for the radial coordinate in which the horizon radius is unity, this leaves a unique solution. This is the solution we are characterizing in the present paper, as a function of the couplings c i .
C. Equations and constraints
In this section we discuss the set of equations to be integrated. The equations to be solved are the generalized Einstein equations (5), for which we introduce the notation
and the aether field equations (8), for which we introduce the notation
Given the spherical symmetry and staticity, many of these equations are redundant or trivial, and it suffices to impose
each of which must hold at every value of r. (In particular, AE r is proportional to AE v so need not be separately imposed.) All these equations involve second derivatives of F and A (but not B) with respect to r. However, note that there are only three functions to be solved for, F , B, and A, so only three equations are needed to determine a solution, given initial data. In fact, among these five equations, two independent combinations are initial value constraint equations, relating the functions and their first derivatives. The constraint equations automatically hold at all values of r, if they are imposed at one value of r, as a consequence of the remaining "evolution" equations.
To clarify the distinction between constraints and evolution equations in both ae-theory and HL gravity, it is useful to recall how that distinction comes about in GR in the general case (i.e., in the absence of symmetries). In the absence of matter, the field equations of GR are given by the vanishing of the Einstein tensor, G µν = 0. Because of diffeomorphism invariance, there are four free functions in the time evolution of the metric, which is therefore not uniquely determined from initial data. This means that not all of the Einstein equations can be evolution equations. Indeed, the Einstein tensor satisfies the contracted Bianchi identity
which holds independently of any field equations and can also be seen as a consequence of the diffeomorphism invariance of the Einstein-Hilbert action. Expanding this equation in components in a coordinate system (t, x i ) one has
This identity implies that if G µν = 0 at some initial "time" t 0 , then G tν = 0 also holds at t = t 0 + δt. Thus if the equations G tν = 0 are imposed at some initial time t 0 , they are satisfied in the whole spacetime when the remaining equations hold. Moreover, the quantities G tν involve only initial values. This follows from the fact that if a given field component appears in G µν with up to n time derivatives, then Eq. (31) -being an identity that holds for all metrics independent of field equations -implies that G tν has no more than n − 1 time derivatives of that field component. Thus the equations G tν = 0 are initial value constraint equations.
The discussion of initial value constraint equations can be extended to cover the case when matter is coupled to the metric. We will discuss that extension explicitly here just for the case when the "matter" corresponds to the aether degrees of freedom in ae-theory. The corresponding Einstein equation (27) involves second time derivatives of the aether field u µ in T µν ae [see Eq (6) ]. These arise from the variation of the metric in the Christoffel symbols occurring in the covariant derivatives of the aether field. The equations E tν = 0 are therefore clearly not initial value equations, even though the on-shell identity ∇ µ E µν = 0 implies that if they hold initially they continue to hold as a result of the remaining equations. Instead, to identify true initial value constraint equations we need to find a true identity, analogous to the Bianchi identity, that holds independent of any field equations.
Such an identity can be found by using the diffeomorphism invariance of the full ae-theory action. 4 One finds
where the normalization of the aether field equation is defined by δS/δu µ = 2AE µ . This identity can be used to argue, in a way identical to that used for vacuum GR, that
are initial value constraint equations. The reasoning presented above applies as well to the static, spherically symmetric case, with the role of tevolution replaced by r-evolution. Hence we now define the constraint equations as
It follows from the reasoning just given that, once imposed at a single initial radius, these equations are automatically satisfied at all r provided that the remaining field equations hold. Also, they depend only on initial data (with respect to r-evolution). To exploit this structure, we therefore replace the set of equations (29) by the equivalent set
The first three equations can be recast in the form
which is a system of ordinary differential equations (ODEs) that can be numerically integrated with respect to r. These equations will be our "evolution" equations.
The constraint equations C v = C r = 0, instead, depend only on A, A , B, F and F . Therefore they simply impose algebraic constraints on the data at the "initial" radius r 0 , and are automatically preserved by the evolution equations for any other r.
D. Numerical implementation
As explained in section III B, imposing asymptotic flatness, together with the condition that there is a regular spin-0 horizon, will lead to a one parameter family of solutions. These describe black holes, because for the theory parameters that we consider there will be a metric horizon outside the spin-0 horizon. We begin the integration at the location of the spin-0 horizon, where the regularity condition can be imposed directly on the initial data, as was done in Ref. [17] . To conveniently implement this procedure, as in Ref. [17] , we first make a field redefinition so that the spin-0 metric, Eq. (19) with s i = s 0 , is the new metric. (This induces a change in the coupling parameters, which we keep track of.) Then the spin-0 horizon coincides with the metric horizon at r = r H , which is defined by the condition
We adopt units in which r H = 1, so the one-parameter family is represented with just a single solution to be found. After finding the solution, we then make the inverse of the field redefinition (20) to express the solution in terms of the original metric that is assumed to be minimally coupled to the matter fields, and the corresponding aether field. To impose regularity of the horizon we proceed as follows. The evolution equation for B [Eq. (38) ] turns out to have the structure
where b 0,1,2 are functions of (A, A , B, F ). Therefore, B diverges at r H unless
(Here and below, we shall denote quantities evaluated at r H using the subscript H, e.g. F H ≡ F (r H ).) Once the constraint in Eq. (41) is imposed, both the metric and aether are regular at the horizon. The system of evolution equations (36)- (38) requires a five dimensional space of initial conditions, (A, A , B, F, F ) H , but we also have to impose the constraint equations C r = C v = 0. Once we impose the horizon and regularity conditions Eqs. (39) and (41), the constraint equation C r = 0 is automatically satisfied at r H , as it is proportional to F . The other constraint equation C v = 0, however, is not trivially satisfied at r H , and further restricts the initial conditions:
Together with the other conditions in Eqs. (39) and (41), this cuts the space of initial conditions from five down to two dimensions. This is further reduced to one dimension by choosing to scale the coordinate v so as to have B H = 1. We can then parametrize the space of initial data with the value of A on the horizon, A H . A generic value of A H will not lead to an asymptotically flat solution. As in Ref. [17] , we seek the value of A H leading to asymptotic flatness using a "shooting method". In practice, we integrate out from r H starting with different values of A H , until we find both a value of A H that gives F A 2 > 1 far away from the horizon, and one which instead gives F A 2 < 1. This is sufficient to "bracket" the asymptotically flat solution, which as can be seen from Eqs. (24)-(26) satisfies lim r→∞ F A 2 = 1. (Note that the quantity F A 2 is invariant under rescalings of r and v, which justifies its use in our code, where we choose specific scalings for these coordinates). Once the two bracketing values of A H have been identified, a simple bisection procedure will yield the asymptotically flat black hole with higher and higher accuracy.
In principle this completes the description of our integration procedure. However there are some complications that affect how it is actually implemented in our code. We now describe these complications and the implementation.
First, the value of A H does not uniquely fix all the initial conditions through Eqs. (39) , (41) and (42) Since F must asymptote to a positive value at spatial infinity to achieve asymptotic flatness, we can readily discard the branches that give F H < 0, otherwise F would then have another zero (i.e., another horizon, possibly singular) outside r H . However, this still does not select a unique branch, and we are typically left with at least two branches that can potentially give an asymptotically flat black hole with no horizons outside r H . We find, however, that for any given set of the theory's parameters, only one branch seems to give rise to an asymptotically flat black hole, the other branches failing to give a viable bracketing interval for A H . Because the branch that gives the asymptotically flat solution is typically not the same (as labeled by Mathematica) as the parameters of the theory are varied, in practice we proceed in the following manner. We start off with a theory parametrically close to GR, where we can easily identify the branch that evolves to an asymptotically flat solution, that being the branch that gives a value of F H close to the GR value F H = 1/r H = 1. [The other branches give instead very large values for F H , and they fail at providing a bracketing interval for A(r H ).] We then gradually move away from GR, varying the coupling parameters c i by a small amount, and identifying the branch that is closest to the one that worked for the previous values of c i . While this procedure might in principle miss the existence of another branch of asymptotically flat black hole solutions, that seems unlikely in view of the tests that we conducted on the remaining branches, none of which seems to produce such solutions.
Another difficulty stems from the regularity condition (41) . While this equation ensures that B is non-singular on the horizon, Eq. (40) can potentially be affected by numerical inaccuracies when evaluated very close to the horizon. This is because both b 0 and F are zero on the horizon, but are non-zero (albeit small) at radii r very close to r H . As a result, B will not be calculated accurately at such radii, due to the finite machine accuracy of any calculator. While it might be possible to overcome this problem by cranking up the number of significant digits used by the code, a more elegant and robust approach is to integrate the evolution equations perturbatively near the horizon, i.e. to expand them in a series in r − r H and solve them analytically order by order, as in Ref. [17] . We did so up to seventh order in r − r H using Mathematica, and used this perturbative solution from r H = 1 to r in = 1.001. The error of the perturbative solution at r in = 1.001 is therefore O(r in − r H ) 8 ∼ 10 −24 , comparable to the machine accuracy (we use 22 significant digits for our real numbers, which is possible using Mathematica). We can then integrate the evolution equations numerically from r in up to very large radii (r ∼ 10 4 or larger) using Mathematica's default ODE integrator (which automatically switches between backward differentiation formulas and Adams multistep methods depending on the equations' stiffness). Because the evolution equations (36)- (38) are lengthy and complicated, we evaluate their right-hand sides with 22 significant digits in order to minimize the impact of round-off errors, and we set the accuracy and the precision goal of the ODE integrator to 10 −15 . As a confirmation that the integration is performed accurately, we check that the constraints C v and C r are preserved to within 10 −12 or better. More specifically, the dimensionless quantities |C v r 2 | and |C r r 2 | remain smaller than 10 −12 during the whole evolution. Using this set-up, we can then finely bracket the asymptotically flat solution. (We stop our bisection either when the value A(r H ) giving an asymptotically flat solution is determined to within 10 −22 or when the two bracketing solutions agree to within 10 −15 .) As final confirmation of the accuracy of our procedure, we rescale the time v so that F approaches 1 asymptotically, and then verify that our solution agrees well with the asymptotic solution (24)- (26) .
IV. PARAMETER SPACE
Even after the parameter redefinition to eliminate c 4 in ae-theory described in section II, one is left with a 3-dimensional parameter space. Similarly, in HL gravity one has to deal with a 3-dimensional parameter space a priori. Scanning such a space is clearly a formidable task. Fortunately, there are certain regions of the parameter space which are far more interesting than others, as there are a number of viability constraints that one can impose on both theories, namely:
1. Classical and quantum-mechanical stability: all propagating modes should be classically stable and have positive energy (no tachyons, no ghosts). [28] : this requires that the squared speeds of the propagating modes should be greater than or equal to unity.
Avoidance of vacuumČerenkov radiation by matter

Agreement with GR at first post-Newtonian order:
(This implies, in particular, that all the constraints coming from Solar system experiments are met.) The parametrized post-Newtonian (PPN) parameters of both ae-theory and low-energy HL gravity are identical to those of GR with the exception of those measuring preferred frame effects, α 1 and α 2 [16, 30] . These two parameters are constrained to be below 10 −4 and 10 −7 respectively [31] .
Note that constraints 2 and 3 refer implicitly to the metric to which matter couples minimally. Hence we must impose these constraints on the coupling parameters before making the field redefinition (20) . In what comes next we explore only the part of the parameter space that satisfies all of the above constraints. Additionally, we impose a stronger version of 3, namely α 1 = α 2 = 0, so that the two theories are indistinguishable from GR at the first order PPN level. (This requirement is reasonable given that the bounds on α 1 and α 2 are very strong, as mentioned above.) The bound imposed on the c i by the above constraints have been summarized in Ref. [5] for ae-theory. The condition α 1 = α 2 = 0 translates to
which reduces the parameter space down to 2 dimensions. In terms of c ± = c 1 ± c 3 , then constraints 1 and 2 are satisfied in the region
For practical purposes, and given that larger values are unlikely to be compatible with strong field constraints from binary pulsar systems [32] , we will explore the part of this region which also satisfies c − ≤ 1. An important observational constraint that has not been included in the list above is that related to gravitational radiation from binary pulsars. As shown in Refs. [32, 33] , when the preferred frame PPN parameters α 1 and α 2 vanish, as assumed here, and when gravitational fields are everywhere weak or the coupling constants c i are smaller than something of order ∼ 0.01−0.1, all gravitational radiation is sourced by the quadrupole Q ij , as in GR. The net power radiated in all modes is then given by (G N A(c i )/5) ... Q 2 ij . Agreement with the damping rate of GR requires A(c i ) = 1, which would impose an extra relation between the c i . Even though we have not used this constraint to further restrict the parameter space, we present the curve A(c i ) = 1 in some of the figures that follow, but only for c + < 0.1, as for larger values the damping rate for compact binaries is not accurately given by this formula [32] .
We now move to HL gravity. The PPN constraints were worked out in Ref. [16] , but a different parametrization (µ, α, β) of the action was used (what we denote here as µ was actually denoted by λ in Ref. [16] ). The relation with the more common parametrization used in Eq. (11) is given by
The relation with the ae-theory parameters, given by (14) , is
The condition α 1 = α 2 = 0 is satisfied when α = 2β, and again the parameter space becomes 2-dimensional. Then constraints 1 and 2 above are satisfied in the following 3 regions of the (µ, β) plane
(Note that the two last regions are actually connected, forming one single region.) We will explore all of these regions but for practical purposes we will restrict to |µ| < 10.
In terms of the (ξ, λ, η) set of parameters, the PPN condition α = 2β becomes η = 2(ξ − 1), and Eqs. (49)-(51) translate to
V. NUMERICAL SOLUTIONS
A. Comparison to known black-hole solutions in ae-theory
As a first test of our code, we tried to reproduce the ae-theory regular black-hole solutions studied in Ref. [17] . In that paper, Eling & Jacobson focused on ae-theories with c 3 = c 4 = 0 in order to simplify the (very complicated) field equations. Additionally, they imposed the condition c 2 = −c 3 1 /(3c 2 1 − 4c 1 + 2), which ensures that s 0 = 1, so that the metric horizon coincides with the spin-0 horizon. After these simplifying assumptions the preferred frame PPN parameter α 1 vanishes. However, the observational bound on the second preferred frame parameter, α 2 < O(10 −7 ), leads to the constraint
. The values for c 1 considered in Ref. [17] where actually significantly larger, making the theories considered there non-viable. (Even if one identifies the theories studied in Ref. [17] with the "redefined" theory of Sec. III A, they do not lead to viable theories in the "physical" parameter space. One should mention, however, that the purpose of Ref. [17] was to understand the properties of regular ae-theory black holes in a simple family of "test-theories", even at the cost of sacrificing their viability.)
Ref. [17] focused on theories with c 1 > 0 (since c 1 < 0 would give negative spin-0 mode energy), but found no regular solutions for c 1 > 0.7. Our code, instead, finds regular black-hole solutions in the whole range 0 < c 1 < 1. While it is not clear why the solutions for 0.7 < c 1 < 1 were not found by the code of Ref. [17] -nor why they were not produced in the gravitational-collapse simulations of Ref. [29] , which confirmed that no regular BHs seemed to form in theories with c 1 > 0.8 -our code produces, even in this region of the parameter space, regular BHs that are very accurate solutions of the field equations and that agree with the asymptotically flat analytical solution (24)- (26) its). To gauge the accuracy of the code of Ref. [17] , we compare the numerical solutions found there with those that we find with our code. In particular we look at three quantities that were used in Ref. [17] to characterize the solutions, namely (i) the ratio r g /r H (which equals 1 in GR), where r H is defined geometrically as the proper circumference of the horizon divided by 2π, and where r g is the "gravitational radius," i.e. the parameter that appears in the asymptotic form of the metric, F = 1 − r g /r + O(1/r 2 ); in terms of the mass M tot as measured by a distant observer we have
(ii) the combination F H A 2 H , which is invariant under a rescaling of the coordinate time v → χv; (iii) the Lorentz factor γ ff = u µ u obs µ of the aether, defined with respect to a unit Killing energy radial observer at the horizon (u obs µ is tangent to a radial free-fall trajectory that starts at rest at spatial infinity).
These quantities are reported in Table I as function of c 1 (GR corresponds to c 1 = 0), for the solutions that we find in the range 0 < c 1 < 1. A comparison with Table I of Ref. [17] shows that the values of r g /r H only agree up to the third decimal digit for c 1 ≤ 0.3. This difference is much larger than our estimated error on r g /r H , which is less than 2 parts in 10 14 and which we obtain from the bracketing procedure described in Sec. III D. This suggests that our code might be more accurate than that of Ref. [17] , which could explain why we find solutions up to c 1 = 0.99.
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Although we find regular black holes up to c 1 = 0.99, we too do not find solutions for c 1 ≥ 1. There is some evidence that the would-be horizon becomes singular in this case. Indeed, when c 1 approaches 1, the Ricci scalar R and the Kretschmann scalar K = R αβµν R αβµν evaluated on the horizon grow rapidly, as shown in Fig. 1 , and at least K H appears to be diverging, suggesting that no regular black-hole solutions exist when c 1 = 1.
Lastly let us note that, as expected, the dimensionless ratio r g /r H goes to the GR value (1) when c 1 is small, and decreases for larger c 1 . The deviations away from GR can be very significant as can be seen from Table I , but this is only because the theories under consideration here do not satisfy the constraints of Sec. IV and are therefore allowed to deviate significantly from GR. As we will see in the next section, theories which satisfy all the constraints available to date only allow regular BH solutions that are very similar to the Schwarzschild BHs of GR. 
B. Viable regular BHs in ae-theory and HL gravity
In this section we focus on the regions of the parameter spaces of ae-theory and HL gravity that satisfy all the observational constraints available to date, as described in Sec. IV. To this purpose, we have considered 236 points in the parameter plane (c + , c − ) of ae-theory and 405 in the parameter plane (β, µ) of HL gravity. Each of these points corresponds to a different gravity theory, and for each of them we have derived the regular asymptotically flat spherical BH solution as described in Sec. III D. To characterize the solutions, we have then extracted, for each of them, the following quantities (explicit expressions for which can be found in the Appendix):
1. The dimensionless product ω ISCO r g : ω ISCO is the orbital frequency of the innermost stable circular orbit (ISCO), while r g is the gravitational radius (54). The deviation of this quantity away from its GR value (2 · 6 −3/2 ) is a measure of how easily aetheory (or HL gravity) might be discriminated from GR using the X-ray continuum spectra of accretion disks [34, 35] (see also Ref. [36] on how to use these spectra to detect generic deviations from GR black holes) or using future gravitational-wave observations of stellar-mass black holes orbiting around a supermassive black hole (these sources are known as extreme mass-ratio inspirals, or EMRIs) [37] . redshift comprises both the redshift due to gravitational field of the black hole, and the Doppler redshift, which is maximum for a photon emitted "backward" (i.e., in the negative φ direction, if the source moves in the positive φ direction). The deviation of this quantity away from its GR value (3/ √ 2 − 1), together with the value of the combination ω ISCO r g mentioned above, is a measure of how easily a black hole in ae-theory (or HL gravity) could be distinguished from a Schwarzschild black hole using iron-Kα lines [38, 39] (see also Ref. [40] on how to use iron-Kα lines to detect deviations from GR black holes).
3. The dimensionless ratio b ph /r g , where b ph is the impact parameter of the circular photon orbit. The deviations of this quantity from GR (where b ph /r g = 3 √ 3/2) tell us how easily one can test ae-theory (or HL gravity) with gravitational lensing experiments (see in particular Ref. [41] for specific attempts to use gravitational lensing to test whether astrophysical black holes are really described by GR). Also, b ph is related to the frequency of the circular photon orbit, ω ph = 1/b ph , which in principle will be observable with future gravitational-wave detectors because it regulates the frequency of the black hole gravitational quasinormal modes, at least in the eikonal approxima- tion [42] [43] [44] . 4. The ratio r g /r H . This quantity does not have a direct observational meaning, but we compare it to its GR value (unity) as a way to assess how the near-horizon region of ae-theory (or HL gravity) differs from GR. This is probably not very important from an observational point of view (because the near-horizon region is hard to observe), but is nevertheless conceptually interesting.
To summarize our results, we have used Mathematica to produce contour plots for the relative deviations of these quantities away from their GR values, as a function of the theory's parameters -(c + , c − ) for ae-theory and (β, µ) for HL gravity. The plots are shown in Figs. 2 to 5 for ae-theory and in Figs. 6 to 9 for HL gravity. The small wiggles on some of the contours are simply a spurious effect of the numerical procedure used to calculate them.
Two things are striking about these plots. First, the deviations are largely controlled by a single parameter, c + in ae-theory and β in HL gravity. These two parameters are actually the same when the two theories are identified [cf. Eq. (48)]. Second, the contours for the four different quantities in ae-theory or HL gravity are very similar. This could be understood if, to a good approximation, the metric function F actually depended on the two coupling parameters only via a single combination. This combination should reduce approximately to c + in the ae-theory case and to β in the HL gravity case to explain the fact that the contours are almost vertical. Using our numerical solutions, we have verified that this is indeed the case. This may seem in contrast with the presence of a term c 14 /r 3 in the asymptotic metric (24) , because the lines c 14 =constant are very different from the contours shown in Figs. 2-9 . (In the case of ae-theory, for instance, we have c 14 = 2c + c − /(c + + c − ) when the PPN parameters vanish, so the c 14 =constant lines are much more horizontal than our contours.) However, we have verified that while the c 14 /r 3 term is indeed present in our numerical solutions, it is always negligible outside the horizon. This is because that term is suppressed by a factor 1/48 [cf. Eq. (24)] and because |c 14 | 2 in the part of parameter space that we explore, both in aetheory and HL gravity. Higher order terms in the 1/r expansion are, however, important, and are responsible for producing the deviations from GR in the dimensionless quantities plotted in the figures (the deviation of r g /r H from its GR value is also sensitive to the 1/r term).
As can be seen, the deviations from GR are quite small. In ae-theory, they do not reach the 10% level until c + ≈ 0.7, while in HL gravity they remain less than 3% in most of the parameter space. Such small deviations are probably undetectable with accretion disk spectra, iron-Kα lines, or gravitational lensing, at least with present data. The only exception might be the region 0.9 < c + < 1 in the ae-theory parameter plane, where the deviations from GR are larger than 20% and might therefore be observable with these techniques, provided that systematic errors in the data and astrophysical uncertainties are properly understood. However, this region is presumably already ruled out by observations of gravitational radiation damping from binary pulsars [32] .
The size of the black hole modifications we have found is comparable to the effects on neutron star structure reported in Ref. [47] . (The solution outside a star, in which the aether is aligned with the timelike Killing vector, is different from the black hole solution, in which the aether flows inward.) There the maximum mass, surface redshift, and ISCO frequency were computed for various equations of state. Depending on the equation of state, the maximum masses are about 6% -15% smaller than in GR when the ae-theory parameter c 14 is equal to 1, and the corresponding surface redshifts are roughly 10% larger than in GR. The ISCO frequency, which is independent of the equation of state, is only 4% smaller than in GR. Thus, it also appears challenging to obtain useful constraints from neutron star observations.
On the other hand, future gravitational-wave experiments such as LISA will be able test deviations from the Kerr metric with astonishing accuracy (∼ 10 −6 ) using extreme mass-ratio inspirals (EMRIs) [37] . While further work is necessary to be ready to use LISA data for testing ae-theory or HL gravity, such an accuracy is more than enough (by orders of magnitude) to detect the deviations of ae-theory (HL gravity) from GR predicted by our code, essentially in all of the parameter space. Observations of EMRIs with LISA could, therefore, allow very strong constraints to be put on ae-theory and HL gravity.
C. The interior solutions
In LV theories different modes generically propagate at different velocities. Additionally, they no longer necessarily satisfy linear dispersion relations, which means that the limiting speed of short wavelength disturbances can be infinite in the preferred frame. Indeed ae-theory has the first of these characteristics and (full) HL gravity has both of them, as we will discuss in more detail below. In such theories a mode can potentially escape the horizon defined by another mode, or there might not be any horizons at all. It is therefore potentially of observational interest to study the interior behavior of the black hole solutions. It is also in any case of mathematical and fundamental interest. We present here some results for this behavior.
In general, irrespective of the parameters (c + , c − ) or (β, µ) of the theory, the solutions that we have found always present a spacelike curvature singularity at r = 0, where the Ricci scalar R and the Kretschmann scalar R αβµν R αβµν (as well as the metric function F ) diverge. The aether, to the contrary, presents an oscillatory behavior, as already noticed in Ref. [17] . To see this, we have studied the Lorentz factor γ r ≡ u α obs u α of the aether as measured by the future directed observer orthogonal to the (spacelike) hypersurface r = constant. In Figs. 10-12 we plot the corresponding boost angle
for three representative cases, 7 as a function of r (which plays the role of a time coordinate inside the horizon).
For the case in Fig. 10 (ae-theory with c − = 0.0018, c + = 0.01), after an initial transient, the boost angle oscillates with roughly constant amplitude, and roughly constant period when measured in terms of log r, thus corresponding to an undamped oscillator. The case shown in Fig. 11 (ae-theory with c + = 0.99, c − = 0.01) resembles instead a damped oscillator, while the case shown in Fig. 12 (HL gravity with β = 0.4, µ = −1.8) resembles, after an initial transient, an over-damped oscillator (i.e. one in which the damping is so strong that it does not oscillate, but approaches the rest position exponentially).
This oscillatory behavior is reminiscent of that found for the aether in (anisotropic) Bianchi type I (Kasner- like) cosmologies with a cosmological constant, both in HL and ae-theory [48] . This analogy is understandable, since the black hole interior also corresponds to an anisotropic cosmology, although of a different symmetry type and spatial curvature, and without a cosmological constant. As remarked in Ref. [17] , it is also reminiscent of oscillations found in the interior of Einstein-Yang-Mills black hole solutions [49] . Presumably the appearance of oscillations can be understood from the cosmological point of view as an attractor arising because of a "restoring force" that tends to align the cosmological rest frame with any other preferred frame defined by the other (nonmetric) fields. There is an important causal implication of these oscillations, namely, they imply that the concept of a black hole survives in these theories, as we now explain [50] . In ae-theory, the spin-0, spin-1, and spin-2 perturbations generally all travel at different speeds, and we have assumed they are all greater than or equal to the metric speed of light in order to satisfy the vacuum Cerenkov constraints. Such perturbations could therefore escape from a metric horizon, although they might have deeper causal horizons trapping them. The same will hold for the spin-0 and spin-2 perturbations in the low energy limit of HL gravity. However, the situation is quite different when the full HL theory is considered, i.e. when the higher order terms in L 4 and L 6 (and presumably the corresponding higher order spatial derivative terms for matter fields) are also taken into account. Because these terms contain higher spatial derivatives, short wavelength perturbations can travel at arbitrarily high speed relative to the aether. This raises the possi- bility that in HL gravity signals can always escape from anywhere inside a black hole, in which case the concept of black hole really would not survive at all in HL gravity. However, even at infinite speed, signals cannot travel backward in time, i.e. backward across the constant T hypersurfaces which are orthogonal to the aether (9) . These hypersurfaces define a universal causal structure in HL gravity, and in hypersurface-orthogonal aether configurations. When the boost angle (55) vanishes, the aether is orthogonal to a constant-r hypersurface r = r c , which therefore coincides with a constant-T hypersurface. Events at r < r c (which lie to the future of r c ) therefore can have no influence on events at r > r c , so signals are trapped within the radius r c [50] . In fact the oscillatory behavior means that there are many such surfaces inside the black hole. In the examples shown in Figs. 10-12 , the first such surface occurs quite close to the metric horizon, as measured by r. We refer to the outermost such surface as the "universal horizon".
The HL time function T therefore has a peculiar behavior in the black hole interior. A surface of constant T that comes in from spatial infinity crosses the metric horizon smoothly, but then, unlike the familiar Painlevé-Gullstrand time coordinate, rather than running into the singularity at r = 0 this surface dips down to the infinite past, measured in the advanced time coordinate v, at the universal horizon. This behavior of T happens despite the fact that the aether vector and the geometry are perfectly smooth all the way up to the singularity. To understand what is happening, we note that spherical and time translation symmetry imply that T has the form T (v, r) = h(v + f (r)), where f (r) is determined by the metric and aether, and the function h is completely arbitrary (other than that it be monotonic) on account of the T -reparametrization symmetry of the theory, Eq. (16) . It turns out that the function f (r) diverges at the universal horizon (and at the similar surfaces inside it). Thus, on a constant T surface, v → −∞ as the universal horizon is approached. Also, on an ingoing light ray at constant v, the function T diverges unless h is chosen properly. For instance, we could choose h to be minus the inverse of f , in which case T remains finite and increasing when approaching the universal horizon from the outside at constant v.
A final important comment is that the solutions we have been discussing apply only in the IR limit of HL gravity, i.e. they neglect the effects of higher derivative terms in the HL action (17) . Those terms will certainly strongly affect the solution in the black hole interior where the curvature becomes large. However, as remarked above, the universal horizon appears fairly close to the metric horizon, in a region where one would expect the IR limit of the theory to still be an excellent approximation for macroscopic black holes. Hence, there is good reason to expect that sufficiently large black holes in the full HL theory also possess a universal horizon.
VI. CONCLUSIONS
We have studied static, spherically symmetric, blackhole solutions in Einstein-aether theory. These are also solutions of the low-energy limit of Hořava-Lifshitz gravity. We highlight below the most important steps in the process of finding these solutions (setting aside technical issues) and summarize their salient properties.
In general these spacetimes have both a metric horizon and a horizon for the spin-0 mode of the aether, as the latter travels at different speed than the speed of light defined by the metric cone. The vacuumČerenkov constraint requires that the speed of the spin-0 mode be greater than or equal to the speed of light, so we only considered cases where the spin-0 horizon lies inside the metric horizon. Additionally, we have imposed the condition that the spin-0 horizon be regular, as this is what is expected for black holes that form from gravitational collapse.
Imposing this regularity condition and the condition of asymptotic flatness leads to a one parameter family of solutions for each set of the parameters of the theory. In units where the horizon radius is 1 this yields a unique solution for that set of theory parameters. We have generated this solution numerically. A crucial step towards this has been the realization that a specific combination of the field equations constitutes a set of constraint equations. Additionally, a suitable field redefinition has been utilized in order to facilitate imposition of the condition of regularity at the spin-0 horizon.
We have restricted attention to the regions of the parameter space, both in Einstein-aether theory and Hořava-Lifshitz gravity, where the following conditions are satisfied: (i) stability and positive energy of all perturbations; (ii) avoidance of vacuumČerenkov radiation; (iii) exact agreement with the first post-Newtonian predictions of GR (vanishing preferred frame parameters). (The regions of the parameter space where these conditions are satisfied do not coincide for the two theories.)
We find that regular, asymptotically flat black-hole solutions exist in all of the explored parameter regions satisfying these observational constraints. In order to characterize the solutions, we used three dimensionless quantities that are in principle measurable by observations: the product of the orbital frequency of the Innermost Stable Circular Orbit (ISCO) with the gravitational radius, the maximum redshift of a photon emitted by a source moving on the ISCO, and the ratio between the impact parameter of the circular photon orbit and the gravitational radius. As a fourth probe we used the ratio between the gravitational radius and the horizon radius.
The deviations of these quantities from the values that they have in general relativity are always quite small, exceeding 10% (in Einstein-aether theory) and 3% (in Hořava-Lifshitz gravity) only in restricted portions of the parameter space. Therefore, they are expected to be difficult, although perhaps not impossible, to detect by electromagnetic observations such as accretion disk spectra, iron-Kα lines or gravitational lensing. However, future gravitational-wave experiments, such as LISA, would have more than sufficient accuracy to detect these deviations from general relativity. Last but not least, we considered the interior solution. Inside the black hole the aether oscillates with respect to the constant r surfaces, and there is a spacelike singularity at r = 0. More importantly, it turns out that there exists a universal horizon inside the metric and spin-0 horizons, i.e. a surface of constant r that is orthogonal to the aether. No modes can escape from inside the universal horizon, even those satisfying modified dispersion relations that could allow them to travel at arbitrarily high speeds relative to the aether, as expected in Hořava-Lifshitz gravity. The existence of this universal horizon implies that the concept of a black hole, in the sense of a region of spacetime where all signals are trapped, seems to survive in these theories. The redshift z = ν 0 /ν ∞ − 1 of a photon emitted by a source orbiting at the ISCO and measured at infinity is given by
where b is the impact parameter of the photon, which is defined as its angular momentum divided by its energy, and which characterizes the direction of emission. For instance, for a photon transverse to the orbit one has b = 0, while for photons emitted in the forward or backward directions one has b = ±(r/ √ F ) ISCO . The maximum redshift z max is therefore in the backward direction, The impact parameter of the photon orbit is given by 6) while its frequency is ω ph = 1/b ph . The relative Lorentz gamma factor between the aether and the unit Killing energy observer at the horizon, which corresponds to an observer that falls in radially from rest at infinity, is
when the v coordinate is normalized so that F ∞ = 1. The relative gamma factor between the aether and the unit (timelike) normal to the constant r surfaces inside the metric horizon is
from which we define the boost angle as θ r = arccosh(γ r ).
